Abstract: Phonons (collective atomic vibrations in solids) are more effective in transporting heat than photons. This is the reason why the conduction mode of heat transport in nonmetals (mediated by phonons) is dominant compared to the radiation mode of heat transport (mediated by photons). However, since phonons are unable to traverse a vacuum gap (unlike photons), it is commonly believed that two bodies separated by a gap cannot exchange heat via phonons. Recently, a mechanism was proposed [J. B. Pendry, K. Sasihithlu, and R. V. Craster, Phys. Rev. B 94, 075414 (2016)] by which phonons can transport heat across a vacuum gap -through the Van der Waals interaction between two bodies with gap less than the wavelength of light. Such heat transfer mechanisms are highly relevant for heating (and cooling) of nanostructures; the heating of the flying heads in magnetic storage disks is a case in point. Here, the theoretical derivation for modelling phonon transmission is revisited and extended to the case of two bodies made of different materials separated by a vacuum gap. Magnitudes of phonon transmission, and hence the heat transfer, for commonly used materials in the micro-and nano-electromechanical industry are calculated and compared with the calculation of conduction heat transfer through air for small gaps as well as the heat transfer calculation due to photon exchange.
Introduction
The analysis of interaction between two objects when placed close together (smaller than the wavelength of light) has led to the observation of new and interesting phenomena such as near-field radiative heat transfer where the radiative transfer between the objects exceeds Planck's blackbody limit by several orders of magnitude. The theoretical description and experimental confirmation of this phenomenon have given rise to new applications such as thermal radiation scanning tunnelling microscopy [1] , near-field thermophotovoltaics [2] , and non-contact radiative cooling [3] . Recently it has been recognised that radiative (mediated by photons) exchange cannot be the only mode of near-field heat exchange between two closely spaced bodies. In an experimental study [4] to understand the thermal coupling between a scanning tunnelling microscope tip and a gold substrate, for a spacing of ≈ 0.3 nm vacuum gap, a heat flux six orders of magnitude larger than predictions of near-field radiation theory was observed. This enhancement was explained to be due to phonon transmission in the presence of an electric field. In this article we describe the possibility of an additional channel of heat transfer due to phonon transmission across the vacuum gap due to Van der Waals force. Since it can be shown that the number of propagating modes available for heat transfer via phonons is approximately (c/c l ) 2 times greater than that available for photons, where c [c l ] is the speed of light [sound] in vacuum [solid] , and since the velocity of sound in most solids is of the order of 10 3 m s − 1 , if a mechanism can exist where these phonons can transmit across the vacuum gap, it can be expected to be a significant source of heat transfer between two objects separated by vacuum. Such a mode of transmission of phonons across the vacuum gap is far from obvious since phonons, being the quanta of lattice vibrations, require a material medium to propagate. The basic premise of this work is that when two bodies are brought in close proximity to each other in vacuum, the Van der Waals interaction between them can act as a conduit for the phonons to propagate across the vacuum gap. While this Van der Waals interaction is weak compared to the inter-atomic bonds that exist in a solid, the sheer number of propagating modes available for heat exchange via phonons compared to photons could make this mechanism a significant source of heat transfer. Along with the propagating modes, modes which are trapped on the surface of the objects can also contribute to heat transfer, as is observed in the photon exchange process.
There have been a few recent attempts to estimate the heat transport via phonon transport across the vacuum gap. Sellan et al. [5] observed that the heat transfer via phonons can be four orders of magnitude higher than that via near-field radiative transfer for a gap of 1 Å between two silicon surfaces. However, this lattice-dynamicsbased simulation took into account only the interactions of the surface atoms via their electron clouds and not the relatively long-range Van der Waals interaction between objects for phonon transmission. Prunnila and Meltaus [6] predicted significant phonon transmission when closely spaced mediums are made up of piezoelectric material. This effect is due to the electric field induced by the phonons in the material acting as a conduit for phonon transmission. The fact that Van der Waals forces can also act as a conduit for phonon exchange, and hence heat transfer, across the vacuum gap has been recognised in two recent works [7, 8] . However, due to inconsistencies in these works, we believe that the correct picture of phonon transmission across the vacuum gap has not yet been captured. Ezzahri et al. [7] observed that for highly doped silicon it is possible for phonon-mediated heat transfer to dominate the radiative transfer. But they consider only ballistic transport of phonons across the gap and do not elucidate on the role of different modes of elastic waves that can exist in a solid like compressional, transverse, and surface waves. Moreover, phonon transmission is calculated by modelling the interaction of atoms across the vacuum gap to be spring-like, which is strictly valid only at very small gaps ≈ 1 Å where repulsive forces due to overlapping electron clouds start to become significant. Budaev and Bogy [8] do not assume spring-like interaction, but consider only compressional elastic waves in their study and ignore other possible modes; no numerical data have been presented regarding how dominant the heat exchange via phonons is vis-à-vis radiative transfer at small gaps. A more recent work by Chiloyan et al. [9] follows the method adopted by Ezzahri et al. of modelling the Coulombic interaction of atoms across the vacuum gap with a spring-like behaviour to calculate phonon transmission, and show that for subnanometer gaps the contribution from low frequency acoustic phonons can be significant. A common drawback in these works is the non-consideration of sinusoidal variation of the surface topology of the solids due to the presence of phonons.
A model which takes into consideration these effects was described in [10] , where expressions were derived for the transmission coefficients of phonons when two objects made of the same material are brought in close proximity to each other. The aim of the current article is to describe in more detail the model put forward in [10] , extend this work to provide expressions for transmission coefficients when objects of different materials are separated by small spacings, provide numerical estimates of heat transfer between bodies made of materials commonly used in nano-and micro-electromechanical industry where such effects are expected to be important, and to understand where this mode of heat transfer becomes important in real-life situations by comparing this with conduction heat transfer when the gap is filled with air. To model phonon transmission across the vacuum gap we adopt the theory of estimating the thermal boundary resistance (or the Kaptiza resistance) at an interface between two media and extend it to our configuration of two bodies separated by a vacuum gap. A study of heat transfer across an interface between two media such as that shown in Figure 1a is of critical importance in systems where high heat dissipation is crucial (e.g. in semiconductor devices). Hence, such a system has been studied in extensive detail and models have been developed to estimate heat transfer across such an interface; one such model is the acoustic mismatch method [11] . The methodology developed is as follows: phonons are modelled as propagating elastic waves and the two possible polarisation modes, longitudinal and transverse, are assumed to undergo specular reflection and transmission at the interface. Since each polarisation mode can give rise to a combination of modes at the interface, there are four unknowns to be solved for (two reflection and two transmission coefficients) and these are determined using the stress and displacement boundary conditions at the interface. The transmission coefficients thus obtained determine the amount of heat that gets transmitted across the interface. Importantly, the heat transfer coefficient across an interface predicted from this method has been experimentally verified to hold true for well-prepared interfaces and for a wide range of temperatures [11, 12] . While extending this procedure to calculate the heat transfer for our configuration shown in Figure 1b of closely spaced bodies separated by vacuum and at different temperatures, we employ boundary conditions that are different from that adopted in the acoustic mismatch method (due to the presence of a vacuum gap and the normal Van der Waals force at the surface of the solids). An important and novel aspect of our work is to take into account the modulation of the surface of the solids due to the presence of the collective atomic vibrations (phonons) and the resulting effect on the interaction between the surfaces. The surface of the hot body with phonons (medium 1 in Fig. 1b) will have a sinusoidal variation with spatial frequency equal to the parallel component of the wave vector of the phonons. Assuming for simplicity that the Van der Waals force satisfies the additive principle, this sinusoidal variation on the surface will be analytically shown to impose an exponential limit on the number of wave vectors which contribute to the interaction between the surfaces. Prior works have failed to recognise this effect so that the heat transfer contributions from the higher wave-vector modes would be overestimated. Since we ignore phonon-phonon interactions and work in the continuum limit, the method proposed here is valid for temperatures that are small compared to the Debye temperature where only low frequency acoustic phonons are activated.
The article is arranged as follows: in Section 2, a general expression for the Van der Waals force is derived for an arbitrary sinusoidal displacement of the surface. In Section 3, an expression for the amplitude of the sinusoidal displacement at the surface of a planar object is derived as a function of the incident angle and the polarisation of the incident elastic wave, which, when used in the result from Section 2, gives the value of the force acting on the surface of the planar object. This force is then related to the stress in the media and expressions for transmission coefficients of the phonons as a function of the incident angle are derived from the boundary conditions. In Section 4, an expression for the heat transfer is derived and numerical values of heat transfer for objects made of materials commonly used in the micro-electromechanical industry are compared.
Van der Waals Stresses on the Surface
We consider one of the bodies, say medium 1, to be held at a finite temperature T and the other at 0 K so that the effect of phonons in lattice deformation is prevalent only in medium 1. To find the time-varying Van der Waals force acting on the surface of medium 2, we consider a test displacement on its surface and calculate the total Van der Waals potential of the resulting configuration. The total potential between the two media can be divided into bulkbulk (interaction between region A and region D in Fig. 2 ), bulk-surface (interaction between region A and region C, and between region B and region D in Fig. 2) , and surface-surface (interaction between region B and region C) contributions. Since the bulk-bulk interaction potential is time invariant, it does not contribute to phonon transmission, and only the bulk-surface and the surface-surface interaction will be considered separately below.
Consider first the region B-region C interaction potential 〈φ〉 B−C . If ρ n is the number density of molecules in the two media, then the number of atoms in an elementary volume dV of material is ρdV. Let β be the dispersion constant accounting for the interaction between two atoms in the opposite mediums. Assuming for simplicity that the potential satisfies the additivity principle, 〈φ〉 B−C can be obtained by accounting for the pairwise interaction between atoms in the two sinusoidal displacements on the surface of the two media and, in the limit δ 1x , δ 2x = d, is given by
where the factor 1 2 is introduced noting that integration would involve counting the pairwise interaction twice; the displacements at the surface of the two media are given by
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The dispersion constant β can be related to the experimentally determined and catalogued Hamaker's constant H using [13] 
where L 2 is the area of interaction between the two surfaces. Now consider the region A-region C interaction potential 〈φ〉 A−C given by the expression φ ρβ
where R 1 and R 2 are the position vectors of two infinitesimally small volumes in region A and region C. By integrating over the bulk in region A and the sinusoidal distortion in region C, the expression for 〈φ〉 A−C can be shown to reduce, in the second-order approximation, to the form
Similarly, the expression for the interaction potential between region B and region D 〈φ〉 B−D reduces to the form
The total interaction potential between the two bodies is given by 〈φ〉 = 〈φ〉 B−C + 〈φ〉 A−C + 〈φ〉 B−D . The normal Van der Waals force acting on the surface (per unit area of interaction) of medium 1 and medium 2, F 1 and F 2 , can be obtained from the interaction potential as
The factor 2 comes about since we are calculating the stress at a local position on the surface from the expression for the average potential. The presence of the factor K 2 (k || d) imposes a limit on the contribution of large wavevector modes to the interaction between the two surfaces, particularly for large gaps. This can be seen from the asymptotic approximation for the function K 2 (k || d) [14] , where, in the limit
Due to this exponential cut-off in the large wave-vector modes, the heat transfer falls off at a higher rate than that calculated previously in [7, 9] , where this effect has been ignored. As observed in (6), the expressions for the normal Van der Waals forces are linear in the displacement amplitudes δ 1x and δ 2x . The shear force between the two surfaces can be obtained by considering the sinusoidal distortion to have a phase difference Φ and differentiating with respect to Φ. A similar method has been adopted in [15] . This gives the expression for the shear force to be quadratic in the displacement amplitudes, and since we are in the limit of small amplitudes, it can be neglected in relation to the normal Van der Waals force. A note about the pairwise additivity principle assumed in this derivation for the Van der Waals force is also in order. This assumption is reasonable since employing the more exact Lifshitz theory for deriving the dispersion force can be circumvented [13] by using tabulated Hamaker's constant calculated from Lifshitz theory (for the relevant material) in the expression for the Van der Waals potential derived using the additivity principle.
Transmission Coefficient for the Phonons
As mentioned in the abstract, to find the heat transmitted to the second medium due to the Van der Waals interaction between the surfaces, we take the continuum limit where phonons can be modelled as elastic waves. To relate the expressions of the Van der Waals force found in the abstract to the stress in the medium (taken to be isotropic), we look at the displacements in the medium in the presence of elastic waves. While it is possible to have three polarisation modes -one longitudinal and two transverse (polarised in the horizontal and vertical planes, also referred to as SH and SV waves, respectively), since the transverse mode polarised in the horizontal plane (SH mode) does not result in out-of-plane deformation it does not contribute to phonon transmission, and we only consider the longitudinal and SV modes henceforth. Consider first an incident planar longitudinal wave of unit amplitude in medium 1, as shown in Figure 1b 
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Since the parallel component of the wave vector has to be conserved across the interface, the angles θ l and θ t are related by sin θ l c t = sin θ t c l . The stresses 
In the second medium, for ease of analysis we initially assume the material to be the same as in medium 1, before extending to the case of different materials. The angles φ l and φ t in Figure 2 are thus equivalent to the angles θ l and θ t . The displacement vector in the second medium due to the presence of transmitted longitudinal and transverse waves can be written as 
[ ( sin )e ( cos )e ]e .
From (6), (8) , and (14) we get the normal force acting on the surface (x = 0) of medium 1, F 1 , to be 
From (14) and (15) expressions for the compressive and shear stress at the surface of the second medium can be arrived as
Equating the stresses at the surface to the Van der Waals force gives us the four boundary conditions
where ε 1 and ε 2 are the static dielectric constants of medium 1 and medium 2 and ε(iν) denotes the values of the dielectric functions at imaginary frequencies.
Heat Transfer
The energy transmission coefficients can be obtained from the expressions for the transmission coefficients in (24) and (25) as
In k-space since a volumetric element is given by k 2 sin θ dθ dφ dk, by populating these states with the BoseEinstein distribution function, we obtain the total number of phonons as a function of the incident angle θ:
where V is the total volume of the body. The largest possible wave vector k D in this model is related to the lattice constant a in the material with the relation π π = 
In addition to the bulk longitudinal and transverse modes, it is also possible for surface modes (Rayleigh waves) to contribute to the heat transfer. However, this has been shown in [10] to contribute negligibly to heat transfer, and hence the discussion on this mode of heat transfer has been omitted here. In Figure 3 , we compare the heat transfer plotted as a function of the gap between two bodies made of some commonly used materials in the nanoand micro-electromechanical industry. Semiconductors (such as silicon and germanium), metals (such as gold and silver), polymers (such as polyethylene and polystyrene), and ceramics (such as quartz and silicon carbide) are some of the commonly used materials in this industry. For example, quartz, due to its thermal stability, is a material of choice for making sensors; silicon and germanium serve as active substrates due to their dimensional stability to environmental conditions; polymers, due to their ease of processing and light weight, are widely used for device and machine components. For the calculation of heat transfer, the temperature of one of the bodies is taken to be 300 K while the other is held at 0 K and the relevant physical properties of the materials are listed in Table 1 .
To get an idea when the heat transfer due to phonon transmission can become significant in real-life situations, we compare our calculations with the heat transfer due to conduction in air for nanometer spacings, such as that between the writing head and the disk in magnetic storage devices. For gaps less than the mean free path of air molecules (≈ 0.065 μm at atmospheric pressure and room temperature [19] ) heat transfer due to conduction, q cond , does not follow the Fourier law from continuum theory but a separate law which gives precedence to boundary scattering can be derived from kinetic theory of gases [20, 21] :
where p is the pressure of gas, k B the Boltzmann constant, a is the thermal accommodation coefficient which accounts for the interaction between the gas molecule and the two surfaces at temperatures T 1 = 300 K and T 2 = 0 K, M is the mass of a gas molecule (≈ 4.8 × 10 − 26 kg for air), and the functions 1 T ′ and 2 T ′ are given by The value of a can be determined experimentally and for most surfaces lies in the range 0.75-0.9 [22, 23] . Here, we assume a value a = 0.8 for our calculations. The air is assumed to be at atmospheric pressure. From Figure 3 it can be observed that for polymers, the heat transfer due to phonon transmission is of the order of heat conduction in air at gaps of ≈ 1 nm. However, at such small gaps other effects which are not taken into account in the current model, such as nonlocal effects, force will have to be considered for a more accurate comparison.
Finally, as mentioned in Section 1, two surfaces at different temperatures and separated by a vacuum gap not only exchange heat via the phonon transmission process explained in this work but also through a photon exchange process (which includes both radiative and a non-radiative tunnelling channel) due to the presence of fluctuating electromagnetic fields in the vacuum gap. The nonradiative tunnelling process has attracted much attention and has been studied in detail (see [24] [25] [26] [27] ) as it can exceed the heat transfer through the radiative channel by several orders of magnitude. However, importantly, the contribution from this nonradiative channel is only important when the surfaces are made up of a polar dielectric material which supports surface phonon polaritons in the infrared (such as silica, silicon carbide, or boron nitride) and metals where free electrons can support high wavevector modes. In contrast, since phonons are ubiquitous in all materials, the heat exchanged via the phonon transmission process by two objects made of any material will be significant compared to the other channels at small gaps. For the materials considered in this work, the heat transfer from the photon tunnelling process is expected to be negligible compared to other modes of heat transfer, and this is shown in Figure 3 , in which the heat exchange from photon transfer (both radiative and nonradiative) is plotted for silicon. The procedure for calculating the heat transfer via the photon exchange process has been detailed in several references [24] [25] [26] [27] . The dielectric properties of silicon have been obtained from [28] .
